New constraints for non-Newtonian gravity in nanometer range from the improved 

precision measurement of the Casimir force 
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We obtain constraints on non-Newtonian gravity following from the improved precision measure- 
ment of the Casimir force by means of atomic force microscope. The hypothetical force is calculated 
in experimental configuration (a sphere above a disk both covered by two metallic layers). The 
strengthenings of constraints up to 4 times comparing the previous experiment and up to 560 times 
comparing the Casimir force measurements between dielectrics are obtained in the interaction range 
5.9 nm< A < 115 nm. Recent speculations about the presence of some unexplained attractive force 
in the considered experiment are shown to be unjustified. 
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Predictions of light and massless elementary particles 
in unified gauge theories, supersymmetry, supergravity 
and string theory have drawn considerable attention to 
possible deviations from Newtonian gravitational law. 
These deviations can be described by the Yukawa-type 
effective potential. Constraints for its parameters (inter- 
action constant a and interaction range A which is the 
Compton wavelength of hypothetical particle) have long 
been subject for study (an exhaustive account can be 



found in |L|). For the range 10 m< A < 1 m Cavendish- 
and Eotvos-type experiments lead to rather strong con- 
straints on a. For larger A the geophysical and satellite 
measurements are the best to constrain a. No sufficiently 
strong constraints on a are found, however, in the range 
A < 10~ 4 m. In this range the existence of Yukawa-type 
interactions is not excluded experimentally which are in 
excess of Newtonian gravitational interaction by many 
orders. 

For A < 10~ 4 m the Casimir and van der Waals forces 
are the dominant ones acting between electrically neu- 
tral macroscopic bodies. Paper pioneered the appli- 
cation of Casimir and van der Waals force measurements 
for constraining the constants of hypothetical interac- 
tions. In succeeding papers [3-7] (see also the con- 
straints were obtained both on Yukawa-type and power- 
type interactions following from the measurements of 
Casimir and van der Waals force between dielectrics per- 
formed earlier with an accuracy no better than 10-20%. 
These constraints were the best ones in interaction range 
A < 10 -4 m though they were not so restrictive as the 
constraints already known for larger A. 

Currently new experiments have been performed on 
measuring the Casimir force between metallic surfaces 
by the use of torsion pendulum || and atomic force mi- 
croscope [FLO!. In I a 5% agreement between theory and 



experiment was claimed in the whole measurement range 
(0.6-6) /im. No experimental evidence was observed for 
the presence of finite conductivity, surface roughness or 
temperature corrections to the Casimir force. In jHj] a 
1% agreement was obtained at the smallest surface sep- 
aration, i.e., at a distance 0.12/xm. Both, finite con- 
ductivity and surface roughness corrections were taken 
into account (temperature corrections are negligible at 
such separations). There is a discussion in the literature 
concerning the ranges of accuracy mentioned above (see 
fiefs. representing one point of view and |L3 14 

representing the other). It should be emphasized partic- 
ularly, however, that the strength of constraints on non- 
Newtonian gravity which follow from both experiments 
does not depend on estimations of relative error but is 
determined by the absolute error of force measurements 
achieved in both experiments. 

Using this line of reasoning, the constraints follow- 
ing from |J were obtained in fl5fl . In doing so the 
hypothetical force together with the corrections to the 
Casimir force due to finite conductivity of the boundary 
metal, surface roughness and non-zero temperature were 
restricted by the value of AF = 10~ n N which is the 
absolute error of force measurements in Q . It was found 
that the constraints following from ^ are stronger than 
the previously known ones up to a factor of 30 within the 
range 2.2 x 10~ 7 m< A < 1.6 x 10~ 4 m (in a more recent 
paper |]l6| a bit different result is obtained; however there 
the abovementioned corrections to the Casimir force were 
not taken into account). 

The constraints on non-Newtonian gravity following 
from jio) were obtained in |jl7). Here the absolute value 
of hypothetical force alone was restricted by the absolute 
error of force measurements in [[[o| AF = 2 x 10~ 12 N 
(remind that surface roughness and finite conductivity 
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corrections to the Casimir force were included into the 
measured force) . The obtained constraints turned out to 
be stronger up to 140 times than the previously known 
ones within the interaction range 5.9 nm< A < 100 nm. 
Notice that some new possibilities for the search of non- 
Newtonian gravity in the Casimir regime are discussed 
m||. 

Recently an improved precision measurement of the 
Casimir force was performed |ll| by the use of atomic 
force microscope. Owing to the experimental improve- 
ments the absolute error of force measurements was de- 
creased by a factor of 2 and took the value AF = 
1 x 10~ 12 N. Also the smoother Al coating with thick- 
ness Ai = 250 nm was used and much thiner external 
Au/Pd coating which prevents the oxidation of Al (of 
the thickness A2 = 7.9 nm). The theoretical corrections 
to the Casimir force due to finite conductivity of the 
metal and surface roughness were calculated more ex- 
actly. This gives the possibility to obtain more strong 
and accurate constraints on non-Newtonian gravity in 
nanometer range. 

In the present paper we calculate the gravitational 
force with account for non-Newtonian contributions act- 
ing in the configuration of experiment |l9| ] : a polysterene 
sphere above a sapphire disk both covered by thick layers 
of Al and thin layers of Au/Pd. The small distortions 
covering the outer surfaces of the test bodies are taken 
into account whose shape was investigated by the atomic 
force microscope. New constraints for the Yukawa-type 
hypothetical interaction of nanometer scale coexisting 
with Newtonian gravity are obtained. They turned out 
to be up to 4 times stronger than the constraints fl~7| 1 
obtained from the previous experiment |10|. The total 
strengthening of constraints on non-Newtonian gravity 
from the measurements of Casimir force using the atomic 
force microscope reaches 560 times within the interval 
range 5.9 nm< A < 115 nm. 

The potential of gravitational force acting between two 
atoms with account of non-Newtonian Yukawa-type con- 
tribution can be represented in the form 



V(n 2 ) = V N {n 2 ) + V Y u(ri 2 ) 
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Here Mi = m p Ni are the masses of the atoms, positioned 
at a distance r\ 2 from each other, Ni are the numbers 
of nuclcons in the atomic nuclei, m p is the proton mass. 
The interaction range A = h/(mc) has the meaning of the 
Compton wavelength of a hypothetical particle of mass 
m. The exchange of this particle between atoms gives rise 
to the effective potential Vy u in ([j]). The new constant 
ac characterizes the strength of non-Newtonian interac- 
tion compared to the Newtonian one with a gravitational 
constant G. In elementary particle physics the effective 
Yukawa-type potential is often represented in the form 



Wu(r 12 ) = -aN x N 2 hc— e~ r ^^, 
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where the multiples Ni are introduced to take off the de- 
pendence of a on the sorts of atoms p3] . Both interaction 
constants ac and a are connected by the equation 
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Let us calculate the force acting between a disk and a 
sphere used in the experiment jl9[ due to the potential 
(|l|). The diameter 2R = 201. 7^m of the sphere is much 
smaller than the diameter of the disk 2L = 1 cm. Because 
of this, each atom of the sphere can be considered as if 
it would be placed above the center of the disk. Let an 
atom of the sphere with mass Mi be at height / <C L 
above the center of the disk. The vertical component 
of the Newtonian gravitational force acting between this 
atom and the disk can be calculated as 
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(4) 



where p — 4.0 x 10 3 kg/m 3 is the sapphire density, D — 
1 mm is the thickness of sapphire disk, and only the first- 
order terms in D/L and l/L are keeped. 

Integrating Eq. (Q) over the volume of the sphere one 
obtains the Newtonian gravitational force acting between 
a sphere and a disk 
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where p' = 1.06 x 10 3 kg/m 3 is the polysterene den- 
sity. Note that this force does not depend on dis- 
tance a between the disk and the sphere because of 
a = (0.1 - 0.5) /xm< R. 

Substituting the values of parameters given above into 
(||) we arrive to the value Fn, z w 7.6 x 10~ 18 N which 
falls far short of the absolute error of force mesurements 
AF = 1 x 10" 12 N in @. The value of Newtonian grav- 
itational force between the test bodies remains nearly 
unchanged when taking into account the contributions 
of Al and Au/Pd layers on the sphere and the disk. The 
corresponding result can be simply obtained by the com- 
bination of several expressions of type (||) . The additions 
to the force due to layers are suppressed by the small mul- 
tiples Ai/D and Ai/ R. That is why the Newtonian grav- 
itational force is negligible in experimental configuration 
of 1 19 1 (note that for configuration of two plane parallel 
plates gravitational force can play more important role 
@)- 

Now we consider a non-Newtonian force acting be- 
tween a disk and a sphere due to the potential Vy u from 
(|l|), (||). It can be calculated most simply using the same 
procedure as in a Newtonian case. For a homogeneous 
sphere of density p' and a disk of density p the result is 
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In the case of Yukawa-type long-range interaction of 
unknown strength we should carefully take account the 
covering layers of thickness Ai (Al) and A2 (Au/Pd). 
Combining 25 contributions of the form of (^|) with regard 
to a, A <C R one obtaines 17 
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Here p\ = 2.7 x 10 3 kg/m 3 is the density of Al and p 2 — 
16.2 x 10 3 kg/m 3 is the density of 60%Au/40%Pd. 

As it was shown in [[[7) , the surface distortions can sig- 
nificantly influence the value of hypothetical force in the 
nanometer range. In [fl9| smoother metal coatings than 
in jlTJ were used. The roughness of the metal surface was 
measured with the atomic force microscope. The major 
distortions both on the disk and on the sphere can be 
modeled by parallelepipeds of two heights hi — 14 nm 
(covering the fraction vi = 0.05 of the surface) and 
h 2 = 7nm (which cover the fraction v\ = 0.11 of the sur- 
face). The surface between these distortions is covered 
by a stochastic roughness of height ho — 2 nm (vq = 0.84 
fraction of the surface). It consists of small crystals which 
form a homogeneous background of the averaged height 
ho/2. 

The height H relative to which the mean value of the 
roughness function is zero can be found from the equation 



{hi - H)v! + {h 2 - H)v 2 



H 



ho 



vo = 0. 
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From (||) one obtains H = 2.31 nm. The roughness func- 
tions of the disk and of the sphere can be defined by 



z[ s) = A/i (^1,2/1), 



(9) 
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R-VR 2 -r 2 +Af 2 (x 2 ,y 2 ), 



where the amplitude A is chosen in such a way that 
max \fi(xi, yi)\ = 1. The value of the amplitude defined 
relatively to zero distortion level is 



A = hi - H = 11.69 nm. 
In terms of the parameters 



(10) 



01 = ^ « 0.4012, 



H - h /2 
[3 2 = » 0.1121 

(11) 



the distortion functions from Eq.(^|) can be represented 
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where E Si (S Si ) are the regions of the disk (sphere) oc- 
cupied by the distortions of different kinds. 

To find the Yukawa force with account of roughness 
we calculate the values of force (0) for six different dis- 
tances which occur between the distorted surfaces, mul- 
tiply them by the appropriate probabilities, and make a 
summation 



Fyuia) = }^ w l F Y u{a l ) = v 2 F Yu (a - 2A) 
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+ v 2 2 F Yu {a - 2A0-i) + 2v 1 v Q F Yu (a - A(l - 2 )) . 

Note that exactly the same result can be obtained for the 
Casimir force by the use of perturbation expansion up to 
fourth order in powers of relative distortion amplitude 

Let us consider now the constraints on non-Newtonian 
gravity following from JTJJ. According to the results of 
]l9[ no hypothetical force was observed. This means that 
the hypothetical forces in question are constrained by the 
inequality 



\F^ u {a)\ < AF = 1 x 10~ 12 N, 



(14) 



as 



where Fy u (a) is calculated in ([7J), (|T3|). 

The strongest constraints on a G follow from Eq. ( |l4| ) 
for the smallest possible value of a. There is a m ; n = 
100 nm in the Casimir force measurement of [ p^[ . This 
distance is between Al layers because the Au/Pd layers 
of A2 = 7.9 nm thickness were shown to be transpar- 
ent for the essential frequences of order c/a. Consider- 
ing the Yukawa-type hypothetical interaction this means 
that aQ/ n = 100 nm - 2A 2 = 84.2 nm. Substituting this 
value into ( |l4| ) with account of (0) , (|l3|) one obtains con- 
straints on etc following from the experiment [l9[ for 
different A. The computational results are presented in 
Fig. 1 by the curve 4. In the same figure the curve 1 
indicates the known constraints on the Yukawa- 

type interaction following from the old measurements of 
the Casimir force between dielectrics [ p2"|]25|l . The curve 

2 shows the known constraints following from the 
measurements of van der Waals force [|4j . By the curve 

3 the constraints are shown jl7| following from the first 
Casimir force measurement by means of atomic force mi- 
croscope |l(J. The region below each curve in the (A, qg) 
plane is permitted and above the curve is prohibited. For 
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convenience in addition to the vertical axis olq the verti- 
cal axis a is introduced to illustrate the relation between 
the obtained constraints in terms of the constants ac and 
a connected by Eq. (||). 

As is seen from Fig. 1, the improved precision mea- 
surement of the Casimir force gives the possibility to 
strengthen the constraints shown by the curve 3 up to 
4 times within a range 5.9 nm< A < 115 nm. The largest 
strengthening takes place for A = (10 — 15) nm. Com- 
paring the previously known constraints in nanometer 
range (curves 1 and 2 in Fig. 1) the strengthening up to 
560 times was achieved by the Casimir force measure- 
ment using the atomic force microscope. Also the im- 
proved measurement gave the possibility to widen the 
range where the stronger constraints are obtained till 
115 nm (instead of 100 nm in JlT]]). There is a gap till 
the value A = 220 nm starting from which the stronger 
constraints follow from the experiment In this gap 
the old constraints obtained from the Casimir force mea- 
surements between dielectrics || are still the best ones. 
Note that with the use of smoother metal coatings the 
contribution of surface roughness to the Yukawa force is 
decreased. For example, for A = 6 nm the point of the 
curve 4 in Fig. 1 calculated with account of roughness is 
loga = —15.17 and without account of roughness loga = 
— 15.11. For A = 20 nm one obtaines loga = —20.41 with 
account of roughness and loga = —20.44 for the abso- 
lutely smooth test bodies. For larger A the influence of 
roughness is even smaller. 

It is significant that in the recent paper [^5j the at- 
tempt was undertaken to calculate the Casimir force in 
experimental configuration of [flTjf with account of outer 
Au/Pd layers. The result was obtained that the maxi- 
mum possible theoretical value of the force is significantly 
smaller than the measured ones. According to the specu- 
lations of |H the observed discrepancy is explained by a 
new Yukawa force mediated by a light scalar boson. This 
conclusion is, however, incorrect for the following reason. 
We remind that in 19 as space separations the distances 
between Al layers have been taken. To take into account 
the Au/Pd layers the authors of [§5| changed the exper- 
imental data of jl9| "by shifting all the points to larger 
separations on 2h = 16 nm" (where h = 8 nm is the layer 
thickness in |l9|). Instead of this the shift to smaller 
separations by 16 nm should be done to get the actual 
distance between the outer Au/Pd layers. If the correct 
shift is done then the theoretical values of the force, in- 
cluding the effect of covering layers, are in accordance 
with the experimental values in the limits of absolute er- 
ror of force measurements (fu]). Hence the conclusion 
of |2j| about the probable influence of new hypothetical 
attraction based on experiment [fl9[ is unjustified. 

To conclude stronger constraints on the non- 
Newtonian gravity were obtained from the improved pre- 
cision measurement of the Casimir force using the atomic 
force microscope. Their strength exceeds up to 560 times 
the previously known constraints in nanometer range 
5.9 nm< A < 115 nm. Further strengthening of con- 



straints on non-Newtonian gravity from the Casimir ef- 
fect is expected in the future. 
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FIG. 1. Constraints for the constants of Yukawa-type hy- 
pothetical interactions. Curves 1 and 2 follow respectively 
from the Casimir and van der Waals force measurements be- 
tween dielectrics [6,22-24]. Curve 3 follows [17] from the first 
Casimir force measurement using an atomic force microscope 
[10]. Curve 4 is obtained in this paper from the improved 
precision measurements of the Casimir force [19]. The re- 
gions above the curves are prohibited, and below the curves 
are permitted. 
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